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IN V I S C O E L A S T I C  P O L Y M E R I C  L I Q U I D S  
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An investigation was made of the f ree  vibrations of gas bubbles in viscoelas t ic  polymer ic  liquids, taking 
account  of all dissipation mechanisms (rheological,  acoust ical ,  and thermal) .  Along with the effects of shear  
v iscoelas t ic i ty  [1], account  is taken of re laxat ion phenomena with volumetr ic  deformation of  the medium. The 
dynamics of gas bubbles in incompress ib le  v iscoe las t ic  media without taking account  of heat dissipation was 
investigated in [2-4]. 

The study of dissipation effects with pulsations of gas bubbles in liquids is of in te res t  for a descript ion of 
the behavior of  bubbles of mixtures  under dynamic conditions [5]. It is well known [6] that the damping of the 
vibrat ions of gas inclusions in a viscous liquid is due to the following main reasons :  heat dissipation as a 
r e su l t  of  heat t r ans fe r  between the gas contained in the bubble and the surrounding medium; acoust ical  d iss ipa-  
tion due to losses  for the emiss ion  of sound by the oscil lat ing bubbles; viscous dissipation, connected with the 
i r r eve r s ib l e  cha rac t e r  of p rocesses  of the t ransfer  of momentum in the medium and with localization in the 
case of an incompress ib le  liquid near  the g a s - l i q u i d  interface.  Within the f ramework  of a l inear approxima-  
tion, an analysis  of  the above- l is ted effects for the case  of a Newtonian liquid was made in [71, where the addi- 
tivity of the above mechan i sms  of dissipation with smal l  values of the total decrement  of the damping of the 
vibrat ions of the bubble is shown. The solution of an analogous p rob lem in the case of the pulsations of bubbles 
in polymer ic  liquids makes it nece s sa ry  to take account  of additional factors ,  above all  the rheological  special  
cha rac te r i s t i c s  of the medium, connected with the appearance of phenomena of viscoelast ic i ty .  We note that 
the effects of v iscoelas t ic i ty  can approximately  be taken into considerat ion through a dynamic boundary con- 
dition at the sur face  of  the bubble, neglecting the accompanying effect  of rheology and compressibi l i ty .  An 
analogous method was used, for example in [7-9], taking account  of the compress ib i l i ty  of a Newtonian liquid 
in a quasiacoust ical  approximation [10]. However,  using such an approach it is not possible to evaluate the 
absorpt ion of the sound emitted by an osci l lat ing bubble, which is of  independent in teres t  (with the solution of 
the external  hydrodynamic problem for a bubble in [7-9] the liquid is assumed to be ideal). In view of this, an 
investigation is made below of the dynamics of a bubble in a compress ib le  v iscoelas t ic  liquid within the f r ame-  
work of a combined analysis  of the theology and the compress ib i l i ty ;  here ,  the solution is f i rs t  found to the 
problem of the emiss ion  of sound by an osci l la t ing bubble, taking account of the theology of the medium. 

Limiting ourse lves  in what follows to the f ramework  of a l inear approximation,  for the deviator par t  of 
the tensor  of the s t r e s se s  in the liquid we take the th ree -cons tan t  Oldroyd equation[i] ,  used for a descript ion 
of the mechanical  behavior of a number of dilute polymer  solutions, 

~1 -l- ~(~; -= 2~lo(Sis -{- k2s~j), ~1 >~ ;~.o >~ O, ~ : ~iS -- P/Sii, (1) 

sis = e~i -- (l/3)e~6u, P = --(1/3)o,~, 
e u = (t/2)(vl,i -F vj,~), 

where 1-ij and sij a re  the deviators of the tensor  of the s t r e s se s  and the tensor  of the deformation r a t e s ,  
respec t ive ly ;  p is the mechanical  p r e s s u r e ;  vi are  the components of the velocity vector;  X 1 and X2 are  the t imes 
of the re laxat ion and the re tarda t ion ,  respec t ive ly ;  70 is the viscosi ty.  For the spher ica l  pa r t  of the s t r e ss  

tensor  we take the equation [11] 
P + ~lP = --h'0(u + ~2~'), ~ >~ ~1 ~ 0, (2) 

where u is the relat ive volumetr ic  deformation;  K 0 is the module of the volumetr ic  elast ic i ty;  ,1 and T2 are  
the re laxat ion and re ta rda t ion  t imes of the volumetr ic  deformation,  respect ively .  Equation (2) descr ibes  the 
volumetr ic  deformation with the presence  of one internal  relaxation p rocess  of a r b i t r a r y  nature in the medium 

[121. 

We denote quantities re lat ing to the gas and the liquid respec t ive ly  by the subscr ipts  1 and 2. For  the 

density P2 and-the p re s su re  P2 in the liquid we take 
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P~. -~ pzo(l ,-l- s~(r, t)), p~ = P~.o + fz(r,  t),  (3) 

w h e r e  P20 and P20 a r e  equ i l i b r ium va lues  ; s2 and fz a r e  s m a l l  p e r t u r b a t i o n s ;  r is the r a d i a l  coo rd ina t e  of  the 
s p h e r i c a l  s y s t e m  of c o o r d i n a t e s  r ,  0, ~, with its o r i g in  a t  the cen t e r  of the bubble.  The r a d i a l  c o m p o n e n t  o f  the 
v e l o c i t y  in the  liquid is denoted by q2(r, t). Taking  a c c o u n t  of  the s p h e r i c a l  s y m m e t r y  of  the flow induced by 
the r a d i a l  v ib ra t i ons  of  the bubble ,  we have f r o m  (1)-(3) 

= 2rlo(S~ + ~.0sr162 s~,. = (2/3)(Oq~/Or - -  q,.!r), (4) 

s~  = --(l/2)s, , .  ~oo = x~, /0 .  + xl/~ = /Yo(S~ + ~s.z). 

The l i nea r i zed  equat ions  of  mot ion  and cont inu i ty  have the f o r m  

P C~q~ Of~ O"~rr 2 {Trr --  Tr 
~ o  Oi = - -  ~ r  + ~  + ~ ' (5) 

assot -b r - :  -'dT~ (r~q,,)_ = 0 .  

We pos tu l a t e  tha t  the gas b u b b l e  has the e q u i l i b r i u m  r ad iu s  R 0 and p e r f o r m s  s m a l l  f r ee  damping  v ib ra t ions  
with the c o m p l e x  f r e q u e n c y  h:  

R = Ro + A B ,  h R  -- 6e hr. 
L e t  

(6) 

(7) 

0%/0t = hsz, O/~/Ot = h]2, Oq2/Ot = hq~, Or~/Ot = h ~ ,  

O%r = h r ~  . 

Then,  f r o m  s y s t e m  (4)-(6) we have for  qz 

q2 m-~-~(~t--~ -a-gTr r2 ' ~ = ( q~)j, 

m~ . [ K 0 .  + n h )  ~ : ! ! ~  z~h!] -~ 

Sett ing q2 = qgr, for  the po ten t i a l  q~ we obta in  the He lmhol tz  equa t ion  with the c o m p l e x  p a r a m e t e r  

V~tp - -  m 2 T  = 0. 

The so lu t ion  o f  Eq. (8) c o r r e s p o n d i n g  to d ive rg ing  waves  has the f o r m  

r~ = A e x p ( h t  - -  mr).  

F o r  the c o m p l e x  r a t e  e of  p ropaga t ion  of  s p h e r i c a l  sound waves ,  emi t t ed  by a bubble o sc i l l a t i ng  in a 
c o m p r e s s i b l e  v i s c o e l a s t i c  liquid, we have the d i s p e r s i o n  equa t ion  

c~ K o (i ~ -~h) 4~10h (i _L L~h) 
= p2o (i + ,qh) 4- 3--~2o (~ ~- ~h)" 

We d e t e r m i n e  the  cons t an t  A f r o m  the k inema t i c  condi t ion  a t  the s u r f a c e  of  the bubble taking acc o u n t  o f  
(7). We obta in  

(s) 

A = cRi'?]5 e'~Ro/% 
c -~- hR o 

F o r  the p e r t u r b a t i o n  of  the p r e s s u r e  in the liquid we now have 

/ ~ -  ~ f - j T ~ h ~  r exp,~n~-- --S- }" 

F r o m  (9) we find an e x p r e s s i o n  for  the p r e s s u r e  a t  the s u r f a c e  of the bubble  

Koh2]~ o (i -F- T~h) h R .  (10) 
p~ (R, t) : P20 + c (i i ~lh) (c j hR o) 

In the  c a s e  of  a Newtonian liquid (T 1 = T 2 = )q = ~2 = 0), the dynamic  c o r r e c t i o n  to the p r e s s u r e  a t  the s u r -  
face  of  a pu lsa t ing  bubble  a s s u m e s  the f o r m  

/:  (R, t) = p~oh~Bo (co/c)2 ( t  + hBo/C) - I  A B ,  

( 4 
rloh92-olco2), c o = (Ko/92o) 1/2. c ~ = c~ ~t + -5- (II) 

We note tha t  f o r m u l a  (11) d i f fe rs  f r o m  the c o r r e s p o n d i n g  e x p r e s s i o n  for  f2, found a c c o r d i n g  to the l inea r ized  
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quas iacous t i ca l  theory  [7-9], by the addit ion of t e r m s  taking account  of the combined ef fec t  of the v i scos i ty  and 
c o m p r e s s i b i l i t y  of the liquid. For  not too s m a l l  bubbles in a s l ight ly v iscous  and sl ightly c o m p r e s s i b l e  liquid 
the contr ibut ion of these  t e r m s  is smal l .  

The dynamic boundary condition a t  the su r face  of  the bubble has the f o r m  

p.,(R, t) = pl(R, t) - 2(rR-, + ~rr (R, t), (12) 

where  pl(R, t) is the p r e s s u r e  in the gas a t  the su r f ace  of the bubble;  ~ is the coeff ic ient  of sur face  tension.  
Dete rmin ing  ~r r  (R, t) and subst i tut ing re la t ionsh ip  (10) into (12), with an exac tness  up to l inear  quanti t ies we 
find 

, (K0h Ro( + 2h) 2o 4 % ( t + z 2 h )  R0 h { 3  , (13)  

We postula te  that  the bubble contains an ideal  gas with the equation of s ta te  

Pl = piTlcv('~ - -  1), ~/ = cp/c v ,  

where  T 1 is the t e m p e r a t u r e ;  Cp and c V a re  the specif ic  hea t  capac i t i e s  with constant  p r e s s u r e  and volume.  
We se t  

Tt = ToO q- 0(r, t)), p~ = p~a(t ~- s~(r, t) -[- 0(r, t)), 

p~ = p~o(t q- s~(r, t)), P~o = 91oToc,-(V - -  l), 

where  0 and s 1 a r e  sma l l  pe r tu rba t ions  of  the t e m p e r a t u r e  and the density.  

The l inear ized  s y s t e m  of equations of the conse rva t ion  of m a s s ,  momentum,  and ene rgy  for the gas in 

the bubble is wri t ten in the f o r m  

o---? • ~--~- W (r~-q~) ~ O, 

Oq, [ os~ oO ~ (14) 
Pl, 0t = - - P ~ ~  t 0r ') '  

O0/Ot = DiV20 + i ( ? - -  i ) S s J ~ t ,  D~ Z,'plocv, 

where  ql is the r a d i a l  component  of  the ve loc i ty  in the gas ;  • is the coeff ic ient  of t h e r m a l  conductivity.  

We se t  

OqJOt = hql, Os~/Ot = hs~, OO/Ot = hO. 

Solving [7] the s y s t e m  of equations (14), de te rmin ing  pl(R, t), and taking into cons idera t ion  that the p r e s -  
sure  Pt0 in the bubble sa t i s f i e s  the equ i l ib r ium equation,  f rom (13) we obtain a t ranscendenta l  equation for  h 

h ~ = F (h), F (h) = - -  c2 (l + x~h) (l + h1r • 
KoR~ (t § ~2h) 

Be 3 (t q- ~i h) (t + h-Roc-i) ~B~ cRg 

G = p~oR~9i (L - -  ll) [ (h l~  l - -  ni) [(Roll/z) cth Rol~ n - -  1] - -  

- -  ( h l E  ~ - -  D ~ )  [(Rol~/-~) cth Rot~ Iz - -  l]} -~, 

p,o~)-fo~O~h-ll 0- - -  (Vp~op~o ~ + hD~) l + h ~- = O. 

With de te rmina t ion  of the solution of the s y s t e m  (14) for  the t e m p e r a t u r e  T~, the boundary condition 
TI(R ) = T0=const ,  adopted in [6-9,  1312 was used. A need to cons ider  the ex te rna l  p r o b l e m  of t h e r m a l  conduc-  
t ivi ty  can a r i s e  only in the p r e s e n c e  of phase  t rans i t ions  a t  the in te r face  or  with s t rong cons t r ic t ion  of the gas 
in the bubble,  which is excluded by the s t a t emen t  of the p r o b l e m  under considera t ion .  

Equation (15) makes  it  poss ib le  to ca lcu la te  the f requency and the damping of the v ibra t ions  of  a bubble 
taking account  of the combined ef fec t  of t he rma l ,  acous t ica l ,  and theo log ica l  diss ipat ion.  We also give an 
equation for  h, c h a r a c t e r i z i n g  only one definite f o r m  of diss ipat ion.  The t h e r m a l  deformat ion  is cha r ac t e r i z ed  

by the equation 
= - ( v  (hi) - ( i 6 )  

Taking account  of acous t i ca l  d iss ipa t ion  leads to the equation 

h~ -~ --  (i + h.,Ro c-~) (p.~oR~) - i  (3kpxo - -  2~R0-1), (17) 

c 2 = p ~ K  0 (l + x.,h~_) (l -}- ~lh~) -1, 
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w h e r e  k is  the  i ndex  of  the p o l y t r o p e  in the  e q u a t i o n  for  the gas  in a bubble  

p , ( P , ,  t) = p~o(t =- 3kR0-1AR). 

F i n a l l y ,  t ak ing  a c c o u n t  on ly  of r h e o l o g i c a t  d i s s i p a t i o n  l eads  to the fo l lowing e x a c t  so lu t i on  for  h [2]: 

Re{ha}= - - ( d  'T B ) / 2  - -  a./3, ha{ha}= V - 3 ( A  - -  B ) / 2 ,  (18) 

,4 = ( - u / 2  + d~) l /3 ,  B = ( - - u / 2  - -  Vp) , /3 ,  
Q =(V/3) 3 ~- (U/2) ~-, U = 2(a/3) ~ - -  ab/3 ~.  g,~ 

V = - -  a~-/3 -k  b, a = Z ~  ~ -k  2~z~2)~-( -1, 

= 1 9 ~ --i II 

b ~ ~ - ~ , , ~  , ~ = ~ , ~  , ~ = Zno(p~oR~) - ~ ,  

= 3k [p._,0 + 2~R~-' (,1 - (3/~)-~)] (p~0n0~) -~.  
L e t  us d e t e r m i n e  the  t o t a l  l o g a r i t h m i c  d e c r e m e n t  of  the da mp ing  A and the f r e q u e n c y  w of the v i b r a t i o n s  

of the bubble  u s ing  the f o r m u l a s  

A =--2.~Re{h}Im-~{h},  co = (2a ) - l lm{h} ,  

and deno te  by  A1, Az, and  A 3 the t h e r m a l ,  a c o u s t i c a l ,  and r h e o l o g i c a l  d e c r e m e n t s  of the d a m p i n g ,  r e s p e c t i v e l y .  
The a b s o r p t i o n  a t  a wave l eng th  of sound u ,  e m i t t e d  by  an  o s c i l l a t i n g  bubb le ,  is  d e t e r m i n e d  by the r e l a t i o n s h i p  

• = 2 r ~ ( I m { c } R e - ~ { c } ) / ( t  - -  Im{c}Re{h} Re-~{c}Im-~{h}) �9 

The v a l u e s  of  h, h l - h  3 w e r e  found n u m e r i c a l l y  f r o m  r e l a t i o n s h i p s  (15)-(18) in a BI~SM-4 d i g i t a l  c o m p u t e r .  The 
t h e r m o p h y s i e a l  p a r a m e t e r s  of the a i r  in the  bubb le ,  and the  p r e s s u r e ,  the  d e n s i t y ,  and the s u r f a c e  t e n s i o n  in 
the  l iquid  w e r e  t a k e n  as  fo l lows :  T0=293~ 3 '=1 .4 ;  ~C=0.0257 J / ( m "  s e e  "deg) ;  ep=103 J/(kg" deg) ;  p20=105 
N/m2; P20 = 103kg/m3;  a=  0.05 N/m. The  v a l u e s  of  the  r h e o l o g i c a l  and a c o u s t i c a l  p a r a m e t e r s  w e r e  s e l e c t e d  in 
a c c o r d a n c e  with the  e x p e r i m e n t a l  da ta  of  [14-16] f r o m  the r a n g e  c h a r a c t e r i s t i c  for  a n u m b e r  of  p o l y m e r  s o l u -  
t i ons .  

The so Iu t ions  of  the t r a n s c e n d e n t a l  equa t ions  (15) -(17) w e r e  d e t e r m i n e d  by  an i t e r a t i o n  me thod .  The 
v a l u e  o f  the  index  o f  the  p o l y t r o p e  k ( 1 _  < k -  1.4) in f inding h 2 and h~ was d e t e r m i n e d  by l i n e a r  i n t e r p o l a t i o n  f r o m  
the cond i t i on  of  the  c o n s i s t e n c y  of the  n a t u r a l  f r e q u e n c i e s  of t he  v i b r a t i o n s ,  c a l c u l a t e d  us ing  Eqs .  (17), (18), 
and (15), r e s p e c t i v e l y .  F o r  a v e r i f i c a t i o n  o f  the  c o r r e c t n e s s  o f  the  c a l c u l a t i o n ,  a c a l c u l a t i o n  was f i r s t  m a d e  
o f  the d e c r e m e n t s  of  the  d a m p i n g  of  a i r  bubb le s  in w a t e r  a t  a t e m p e r a t u r e  of 20~ The r e s u l t s  ob ta ined  w e r e  
c o m p a r e d  with  the da t a  of [7]. 

S o m e  c h a r a c t e r i s t i c  c u r v e s  for  v i s c o e l a s t i c  l iqu ids  a r e  g iven  i n  F i g s .  1 -4 .  C u r v e  1 cor res I : ,~nds  to a 
Newtonian  l iquid (2 h =X 2 = T 1 = T2 =0) ;  c u r v e s  2, 3 c o r r e s p o n d  to a l iquid  with s h e a r  v i s c o e l a s t i c i V  (:.~ = *z = 0) 
with 2~ = 10 .2 s e e  and X 2 = 5" 10 -a,  2 . 1 0  -3 s e e ,  r e s p e c t i v e i y ;  c u r v e s  4, 5 c o r r e s p o n d  to a l iqu id  with s h e a r  and 
v o l u m e t r i c  v i s c o e l a s t i c i t y  with X t = 10 .2 s e e ,  2,2= 2 . 1 0  -a s e e ,  r 1 =10 -1~ s ee ,  and v 2 =1 .5"  10-10, 2 . 1 0  - t~  s e e ,  
r e s p e c t i v e l y .  F o r  a l l  the  c u r v e s  ~/0 =10-z  k g / ( m  �9 see ) ;  K 0 = 2 . 1 0 9  N/rn 2. 

I t  fo l lows  f r o m  the c u r v e s  tha t  t ak ing  a c c o u n t  of  s h e a r  v i s c o e l a s t i c i t y  l eads  to a d e c r e a s e  in the t o t a i  
d e c r e m e n t  o f  the d a m p i n g  A (F ig .  1). This  e f f e c t  a p p e a r s  for  m e d i u m  and s m a l I  gas  i n c l u s i o n s  and is r e i n -  
f o r c e d  with  a d e c r e a s e  in the  r a d i u s  of the  b u b b l e s .  C a l c u l a t i o n s  showed tha t ,  wi th  a r i s e  in  the v i s c o s i t y  of  
the  l iquid ,  the  e f f e c t  of  s h e a r  v i s c o e l a s t i c i t y  r i s e s  ; h e r e ,  t h e r e  is  an  i n c r e a s e  in the  c h a r a c t e r i s t i c  d i m e n s i o n  
of the  b u b b l e s ,  the v i b r a t i o n s  o f  which  a r e  s u b j e c t  to v i s c o e l a s t i c  e f f e c t s .  

The d e p e n d e n c e  o f  the  e f f e c t i v e  index  of the p o l y t r o p e  k on the r a d i u s  of the  bubble  i s  shown :in F ig .  2. 
I t  can  be s e e n  tha t ,  fo r  l a r g e  b u b b l e s ,  the  v a l u e  of  k i s  c l o s e  to % whi l e ,  for  s m a l l  v a l u e s  (R 0 <10 -~ m),  i t  c o i n -  
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cides with the i so thermal  value k = 1. We note that the fo rm of the curve k = k(R0) does not change with a va r i -  
ation of the theologica l  pa rame te r s  of the medium and is determined only by thermal  effects [7]. 

As calculations showed, the natural  frequency of the vibrations of bubbles taking account of shear v i sco-  
e las t ic i ty  r i se s  only slightly; however,  this is observed only for very  smal l  values of R 0 ~ 10 .6 m, for which 
k = 1. The volumetr ic  v iscoelas t ic i ty  has no significant effect  on the damping and the frequency of the v ibra -  
tions of gas inclusions (curves 3-5 in Figs.  1,3 coincide). 

Figure 3 i l lustrates  the relat ive contribution to the total decrement  of the damping A of the theological ,  
acoust ical ,  and thermal  dissipation mechanisms (A' =A t +A2+As). It can be seen that the effect of shear  v isco-  
e las t ic i ty  leads to an increase  in the range of bubble s izes ;  the damping of the bubbles is determined p redomi-  
nantly by heat dissipation and to a decrease  in the relat ive role  of theological  dissipation, which continues to 
dominate for smal l  inclusions. We note that the relat ive contribution of acoust ical  dissipation changes only 
insignificantly when the v iscoelas t ic i ty  is taken into considerat ion (curves 1-3 on the scale of Fig. 3b come 
together into one curve).  This is connected with the fact that the rheological  dissipation remains  considerable 
in the case of medium and small  bubbles, for which the relat ive role  of acoust ical  dissipation is not great.  As 
a resu l t  of this, with an investigation of the influence of v iscoelas t ic  effects on the damping of such bubbles it is 
permiss ib le ,  with a determined degree of approximation,  to a ssume that the liquid is incompressible .  Calcula-  
tions show that the e r r o r  a r i s ing  f rom such an assumption in determination of the value of A for bubbles with 
R 0 <10 - i  m does not exceed 10%, and is lowered with an increase  in the viscosi ty  of the liquid or a decrease  in 
the radius of the bubbles. 

As follows f rom Fig. 3d, the theological ,  acoust ical ,  and thermal  mechanisms of dissipation in a v i sco-  
elast ic liquid, as in a Newtonian liquid, are  additive in a wide range of bubble sizes.  Slight deviations f rom 
additivity a re  observed only for smal l  bubbles. For such inclusions, superposed effects appear,  due to the 
combined contributions of different  dissipation mechanisms,  which are  not taken into considerat ion in A'. As a 
resu l t  of this, the value of A' is found to be somewhat  lower than the total decrement  of the damping A. We note 
that, in a v iscoelas t ic  liquid, the deviation of the value of A' f rom A is less than in a Newtonian liquid. In view 
of this, with an investigation of the damping of bubbles in a viscoelast ic  liquid, a separate  investigation can be 
made of different dissipation mechanisms (including theological  [3]), with a smal le r  e r r o r  than in a Newtonian 
liquid. 

Figure 4 cha rac te r i zes  the absorpt ion of sound, emitted by an oscil lat ing bubble. It can be seen that the 
volumetr ic  and shear  viscoelast ic i t ies  exer t  an opposite effect  on the damping of the sound waves and lead, 
correspondingly,  to a r i se  or  a decrease  in the value of ~.  Under these c i rcumstances ,  the absorption of 
sound in a liquid with volumetr ic  and shear  v iscoelas t ic i ty  is found to be grea te r  than in a Newtonian liquid 
with the same viscosi ty .  This resu l t  is in ag reement  with the experimental  data of [17], pointing to a decrease  
in the cavitational noise in a liquid with polymer  additives. 
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